Abstract. It is well-known that the Harish-Chandra transform,
§1. Introduction. Let G be a reductive group in the Harish-Chandra class where C p (G) is the Harish-Chandra-type Schwartz algebra on G, 0 < p ≤ 2, with C 2 (G) =: C(G). The image of C p (G) under the (Harish-Chandra) Fourier transform on G has been a pre-occupation of harmonic analysts since the emergence of Arthur's thesis [1a] , where the Fourier image of C(G) was characterized for connected non-compact semisimple Lie groups of real rank one. Thereafter Eguchi [3. ] removed the restriction of the real rank and considered non-compact real semisimple G with only one conjugacy class of Cartan subgroups while Barker [2. ] considered C p (SL(2, R)) as well as C 0 (SL(2, R)). The complete p = 2 story is contained in Arthur [1b, c] . The most successful result along the general case of p is the Trombi-Varadarajan Theorem [8.] which characterized the image of C p (G//K), 0 < p ≤ 2, for a maximal compact subgroup K of a connected semisimple Lie group G as a (Schwartz) multiplication algebraZ(F ǫ ) (of w−invariant members of Z(F ǫ ), with ǫ = (2/p) − 1); thus subsuming the works of Ehrepreis and Mautner [4. ] and Helgason [6. ]. However the characterization of the image of C p (G) for reductive groups G in the Harish-Chandra class has not yet been achieved due to failure of the method (successfully employed in [1b, c] and [8.] ) of generalizing from the real rank one case. Nevertheless the Plancherel formula is already known for C(G), where G is a reductive group in the Harish-Chandra class, [9.] . This paper contains a derivation of an absolutely convergent series expansion (in terms of known functions) for the Harish-Chandra transform and its application in constructing an explicit image of C(G) under it, for reductive groups, G, in the Harish-Chandra class. These results give explicit realization of the abstract computations of Arthur [1.] and show the direct contributions of the Plancherel formula to the understanding of Harish-Chandra transform. As a Corollary we deduce a more explicit form of the p = 2 Trombi-Varadarajan Theorem. §2. Main Results. Let G be a group in the Harish-Chandra class. That is G is a locally compact group with the properties that G is reductive, with Lie algebra g, [G : G 0 ] < ∞, where G 0 is the connected component of G containing the identity, in which the analytic subgroup, G 1 , of G defined by g 1 = [g, g] is closed in G and of finite center and in which, if G C is the adjoint group of g C , then Ad(G) ⊂ G C . Such a group G is endowed with a Cartan involution, θ, whose fixed points form a maximal compact subgroup, K, of
]. K meets all connected components of G, in particular G 0 . We denote the universal enveloping algebra of g C by U(g C ), whose members may be viewed either as left or right invariant differential operators on G. We shall write f (x; a) for the left action (af )(x) and f (a; x) for the right action (f a)(x) of U(g C ) on functions f on G. Let C(G) represents the space of C ∞ −functions on G for which
for a, b ∈ U(g C ) and r > 0. Here Ξ and σ are well-known elementary spherical functions on G. C(G) is known to be a Schwartz algebra under convolution while C(G//K), consisting of the spherical members of C(G), is a closed commutative subalgebra. LetĜ represent the set of equivalence classes of irreducible unitary representations of G. If G 1 is non-compact then the support of the Plancherel measure does not exhaustĜ. We writeĜ t for this support, which generally contains a discrete part,
, and a continuous part,Ĝ t \Ĝ d ( = ∅, always). G has finitely many conjugacy classes of Cartan subgroups, which may be represented by the set
We can write
where A i,I = A∩K is a maximal compact subgroup of A i and A i,R (whose Lie algebra shall be denoted as a i,R ) is a vector subgroup with θ(a) = a −1 , a ∈ A i,R . There are parabolic subgroups P i of G whose Langlands decompositions are of the form P i = M i A i,R N i . Each of the subgroups M i satisfies all the requirements on G.
The full Harish-Chandra Plancherel formula on G states that there are uniquely defined non-negative continuous functions,
with absolute convergence, [9. ]. Here Θ ω,ν represents the distributional characters of irreducible unitary representations, π ω,ν , on G.
The form of the Plancherel formula given above (which bears a striking resemblance with members of the space
where the measurable functions
for any f ∈ C(G) and µ ω −almost everywhere. This gives a first suggestion that the Plancherel formula may contribute to the realization of the image of C(G). It then means that Arthur's map (ω, ν) → a ℘ i (ω, ν) are functions whose L 2 −norm satisfies the above prescriptions of being realizable in terms of members of C(G). This remark may prove useful in the eventual realization of these functions. It will however be clear from our main Theorem that an explicit expression for a ℘ i (ω, ν) (though of interest in its own right) would not be necessary in the computation of H(C(G)).
We shall denote the (elementary) spherical functions on G by ϕ λ , λ ∈ a * C . We know that the functional equation
is a continuous map, then the function x → s λ,f (x), x ∈ G, given as
is a Schwartz function on G. It is also clear that s λ,f (1) = (Hf )(λ), [7. ] and [9.] .
We now introduce the following space of functions on a * .
Definition 2.1 Let {A 1 , · · · , A r } be a complete set of representatives in the conjugacy classes of Cartan subgroups of G and let C G (a * ) represents the space of functions on a * that are spanned by maps of the form
where i = 1, · · · , r, and f ∈ C(G).
It is clear (from the fact thatĜ t \Ĝ d = ∅) that C G (a * ) = ∅ for any reductive group, G, in the Harish-Chandra class. We endow C G (a * ) with the basic operations of a function space which convert it into a multiplication algebra. Since f ∈ C(G) and ϕ λ ∈ C(G//K), the algebra C G (a * ), consisting of absolutely convergent integrals whose decay estimates follow from the above Plancherel formula, is therefore a Schwartz algebra on a * .
Lemma 2.2 C G (a * ) is invariant under the action of the Weyl group
(since there exists s 1 ∈ w such that s 1 · s = 1 and so that s
It may also be shown that, if g ∈ C G (a * ) and λ 1 , λ 2 ∈ a * are such that sλ 1 = λ 2 , for some s ∈ w, then g(λ 1 ) = g(λ 2 ). The above Lemma implies that C G (a * ) w = C G (a * ) and that we do not have to consider the w−invariant subspace of C G (a * ). Indeed C G (a * ) is the w−invariant subspace of a larger space of functions on a * spanned by maps of the form
for arbitrary chosen h λ ∈ C(G), i = 1, · · · , r, indexed by λ ∈ a * .
We now have enough preparation to state and prove the main Theorem of this paper.
Theorem 2.3
The Harish-Chandra transform, f → Hf, is a topological algebra isomorphism of C(G) onto the multiplication algebra C G (a * ).
Proof. As f ∈ C(G) we have that f * ϕ λ ∈ C(G) for λ ∈ a * . Hence by the above Plancherel formula we conclude that
That is,
, with all its known properties still intact. Consider also the wave-packet map a → ψ a :
with x ∈ G, where
and a is the Lie algebra of A in the Iwasawa decomposition G = KAN of G. This map satisfies the following well-known properties (cf. § 3.9 of [8.]) : since this integral is absolutely convergent the map a → ψ a is continuous from C G (a * ) into C(G), while for any u ∈ U(g C ) we have that
which, in particular, implies that qψ a = ψ γ(q)a , for every q ∈ U(g C ) K (where γ represents the celebrated Harish-Chandra homomorphism on U(g C ) K ). These properties combine to show that a → ψ a is the topological inverse of f → Hf.
An immediate consequence of this result is the following which gives an explicit realization of the celebrated Trombi-Varadarajan Theorem when p = 2. 
Proof. Since C(G//K) is a closed subalgebra of C(G) and the map C(G//K) * C(G//K) → C(G//K) is continuous Theorem 2.3 implies that we only need to show that Hf ∈ C G (a * ), for f ∈ C(G//K). Now let f ∈ C(G//K) and λ ∈ a * , then f * ϕ λ ∈ C(G//K), so that the map
is well-defined on a * . Hence g ∈ C G (a * ) and Hf ∈ C G (a * ).
The proof of the above Theorem contains a new formula-representation of the Harish-Chandra transform as an absolutely convergent series expansion in terms of the Harish-Chandra c−functions and global distributions. This formula shows (for the first time) the direct dependence of the transform on the uniquely defined non-negative continuous functions, C i , and characters, Θ ω,ν , of the irreducible unitary representations on G. This expansion may further expose other properties of the transform on a closer look. The importance of our approach to harmonic analysis of Schwartz algebra on G is that the (character form of) Plancherel formula of any reductive (Lie) group leads directly to the computation of the Fourier image of this algebra, an image that would be as explicit as the Plancherel formula itself.
An analogous realization of C G (a * ) may still be sought through an explicit derivation of the combined decay properties of C i (ω : ν)Θ ω,ν (f * ϕ λ ), for f ∈ C(G), especially for specific G. The continuous inclusion C p (G) ⊂ L 2 (G) makes the above (L 2 −) Plancherel formula and absolutely convergent series expansion of the Harish-Chandra transform available for use in extending Theorem 2.3 from C(G) to all of C p (G) (and hence Corollary 2.4 fromZ(F 0 ) to all ofZ(F ǫ )), in exactly the same way that the results on C(SL(2, R)//SO(2)) was extended to all of C p (SL(2, R)//SO(2)) in [8.] .
